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1. INTRODUCTION
Ajibade [1] introduced the concept of rhotrix as an object whose elements are arranged in a
rhomboidal nature. This concept was indeed an extension of earlier works of [9] on matrix-

tersions and matrix noitrets. Suppose R and Q are two rotrices such that

a f
R = <b h(R) d>,Q = <g h(Q) j> where h(R) and h(Q) are the hearts of these
e k

rhotrices.

“Corresponding author
E-mail addresses: u_ndubuisi@yahoo.com, rich.ndubuisi@futo.edu.ng
Received June 07, 2023



2 NDUBUISI, UDOAKA, ABUBAKAR, KAILASH, ASHARA
It follows from [1] that
a f a+f
R+Q =<b h(R) d>+ <g h(Q) j>=<b+g h(R)+h(Q) d+)
e k etk
ah(Q) + fh(R)
and RoQ =(bh(Q)+gh(R) h(R)R(Q) dh(Q)+jh(R)
eh(Q) + kh(R)
Sani [5] gave an alternative method for multiplying rhotrices which is given by
af +dg
RoQ =(bf+eg h(R)h(Q) aj+ dk).
bj + ek

The generalization of this alternative method of multiplication was later given by Sani [6] as

follows;
t t-1 11
n
Ry o Qn = <ai1]'1’ Clik1) ° <bizjz’dlzkz) = Z (ailj1bizjz) ’ z (Clik1dlzk2)) t= 2
i2j1=1 lkq=1

where R, and Q,, denote n-dimensional rhotrices (with n rows and n columns).

Mohammed [2] and Isere [4] obtained a new way of representing rhotices in a general form.
Another method known as row-wise representation was also given by Chinedu [11]. In [3], some
construction of rhotrix semigroup was obtained. The ample (formerly type A) version of rhotrix
semigroup as well as its congruences was given by Ndubuisi et al [12]. Again in [13], Ndubuisi
et al employed w-cosets of rhotrix ample subsemigroups and obtained a more general form of
representation for a rhotrix ample semigroup than the one given in [12]. This result is analogous
to those of inverse semigroups (see [8] and [10]) and ample semigroups (see [14]).

The later representation of rhotrix ample semigroup given in [13] presented the importance of
w-cosets of rhotrix ample subsemigroups of a rhotrix ample semigroup as a useful tool in
studying representations of rhotrix ample semigroups.

This paper is therefore aimed at the properties of w -cosets of closed rhotrix ample

subsemigroups. It also considers partial right congruences on rhotrix ample semigroups.
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2. PRELIMINARIES

Some definitions and known results needed in this work are presented in this section. For the
notation and terminologies not mentioned in this paper, the reader is referred to [1], [12] and [13].
Throughout our study, we will use the term semigroup S to refer to rhotrix ample while E(S)
denotes the semilattice of idempotents.

Definition 2.1. Suppose a, b be elements of a semigroup S, we define a R*b if and only if for
all x,y € S1, xa = ya & xb = yb. Dually we define the relation £*.

Let S be a semigroup and a € S. The elements a’( resp. a*) will denote an idempotent element
in R*(resp. L*)-class Ry (resp. Ly).

Definition 2.2. A semigroup S with a semilattice of idempotents E(S) is said to be an adequate
semigroup if each R*-class and L£*-class contain an idempotent. With E(S) being a semilattice
such an idempotent is unique.

Definition 2.3. A left adequate semigroup is said to be a left ample (formerly left type A) if for
all ee E(S)andaces, ae = (ae)Ta (see [7]) and dually for right ample (formerly right type A)
semigroups. A semigroup S is said to be an ample (formerly type A) semigroup if it is both left
and right ample.

Theorem 2.4. [12] Let R,,(F) be a set of all rhotrices of size n with entries from an arbitrary

field F. For any 4,,, B, € R, (F), define a binary operation o on R, (F) by the rule:

t t—-1
n+1
Ap © By = (ai1j1’ Clik1) ° (bizjz’ dlzk2> = Z (ai1j1bi2f2)' z (Clik1dlzk2)) t= 2

i2J1=1 lak1=1

where A,, and B,, denote n-dimensional rhotrices. Then S = (R,,(F), ) is a semigroup.
Lemma 2.5. [12] Let (a;j, cix), (bij, dix) € S = (R (F), ). Then we have

i){a;j, cye) R (byj, dy) ifand only if a;;R*b;j and ¢ R*dyy .

i) {aij, cix) L7 (byj, dy) ifand only if a;;Lb;; and ¢y L™ dyy .

i) (agj, cye) H*(b;

dlk> if and Only if (al-j, Clk) R* <bl dlk) and (al-j, Clk) L* (bijr dlk)'

j J
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Lemma 2.6.[12] Suppose (a;j,cix) €S = (Ry(F), o). Then (a;j, cy) € E(S) if and only
if a;j e E(M(F)) and ¢y € E(M;_1(F)).

Theorem 2.7.[12] S = (R,,(F), o) is an ample semigroup.

Remark 2.8. [12] It is important to note that {(a;;, I;} is the idempotent in the R*-class as well as
the L*-class. For the sake of ambiguity, we will use (a;;, )t = (aij, i) and  (a;j, cye)” =

(a;j, 1) to denote the respective idempotents.

3. PARTIAL ORDER RELATIONON S

Now let S be a rhotrix ample semigroup with a semilattice E(S) of idempotents. The partial
order relation < will be defined on S as follows:

(aij, cuc) < (byj, dy) if and only if (a;j, cue) = (Iij, cuXbyj, due) Tor ayj, cue), (byj, dii) € S and
(I3, cue) € E(S).

To see that < is an equivalence relation on S, we have that; for {(a;;,cix) € S, {(a;j, ci) =
(aij, cye)tagg, e = (aij, I Xaij, ciie) Which shows reflexivity.

It can be easily checked that < is anti-symmetric and transitive.

A partial ordering < on S is also defined as a relation on S such that for
(aijr Cie ) (bij: dig)e S, (aij: Cik) < (bij»dlk) if and only if (aij' Cik) = (aij» Clk>T(bijr di) =
(byj, duXagj, cuc)”

More so, suppose (a;;, c) < (byj, dy) then (a;;, ey )™ < (byj, dy )T

ij»
In the same way, if (a;;, cix) < (byj, di) then (a;j, )™ < (bij, dy)”

The lemma below presents some properties of the partial order relation < on a rhotrix ample
semigroup S.

Lemma 3.1. Suppose S is a rhotrix ample semigroup such that {a;;, c;x), (b;j, d;x) € S. Then the
following statements are equivalent.

) {aij, cx) < (byj, dix)

i) (aijJ Cik) = <bijJ dlk>+<aij' cy) and <aij'clk) = <aij' Clk)(bij: dye)”
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iii) (aij' Cik) = ((aij' Clk)-l-(bij» dlk))T(aij» i) and (aijr Clk)(<bij' dlk)(“ijr Clk)*)*

iV) More so, (aij, Clk) < (b dlk) and (uij,vlk) < (ml-j,nlk) Implles that (aij, Clk>(ul'j, vlk) <

ij»
(byj, duXmyj, nye) for (uyj, vy ), (myj, nye) € S.
Proof. i) = ii) Let (a;j, cix) < (byj, dyi) SO We have (a;;, e} = (aij, ey T (byj, duk),
(bij' dlk)T(aij’Clk) = (bij»dlk)-l-(aij» Clk)T(bij; dye)

= (aij» Clk)-l-(bij'dlk)-l-(bijr dy)

= (a;j, cuXbyj, dik)

= (aij» Cik)-
More so, we have that

(aij, cie) = {aij, cye)T(byj, dy) implies that
(aij:clkxbij'dlk)* = (aij,Clk)Jr(bij' dlk)<bijfdlk)*
= (aj, cue) T (byj, dye)
= (ajj, Cue)-
iii) = i) is obvious
iv) Follows from the transitivity property of the partial order relation < applied to the product
given by (a;j, cuXugj, vi) < (byj, dy ) myj, ny ).
Lemma 3.2. Let S be a rhotrix ample semigroup and let {a;;, c;c), {b;;, dyi) € S, then there exist
(u;j, vik) € S such that {a;;, cix) < (uij, vie), (bij, dige) < (uyj, Vi), also there exists (q;j, 1) € S
such that (q;;, ix) < {a;j, ci) and {(q;j, i) < (byj, dy).
Proof. If (a;;,cix) < (uij,vi) o (bijdix) < (ugj,v)e S then with (aij, cue) =
(aij, cue) T (uij, v, (bijy die) = (byj, dyge) (uzj, v ). 1t follows that
(bijr dlk)uaij' Cik) = <bij’ dlk)T<aij' Clk>1-<uij' Vik)

= <aij» Clk)T<bij' dlk>T<uij' Vik)
= (a;j, cye) T (byj, dy)

So that if we let (q;;, 7ix) = (byj, di)T(a;j, ci) then we have that
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(qij;rlk)T = (bij» dlk)-l-(aijrclk)-r and
(CIij;le) = (bij» dlk)-l-(aij'clk>+<aij' Cik)
= (qj, T @i, cie)-
Thus, {(q;j, 1) < {ayj, cie)-
Similarly,  {q;j, 7} = (aij'clk)-r(bij'dlk)
= (aij» Clk)-l-(bij'dlk)-l-(bijrdlk)
= (qyj, i) (b, dige)
which implies that (q;;, 1) < (b;j, dy)-
Lemma 3.3. Let S be a rhotrix ample semigroup and let {a;;, cy), (b;j, dy) € S. Suppose that
(eij, I ) is the right unit of {a;;, c;x Xbj, dyi) and (fi;, Ik} the right of (b;
(fijr Luc)-
Proof. Let (e;;, ;) be the right unit of {a;;, c;x), (b;j, dix) and (f;j, Iy} the right of (b;;, dy)

j» dlk) then (eij,Ilk) <

then we have that (e;;, I;x) = ((aij,clk)(bl-j, dlk))* and (fij, i) = (byj, dix)"
We know that
((aijyclkxbijl dlk))* = ((aijlclk>*(bijf dlk))*, (aij'clk>*(bij' dy) = (bij' dlk)(<aij'Clk><bij'dlk))*-
Consequently,
(eijo IuXfij ey = (g dige)™ (@i, cue )by dlk))*
= ((bij»dlk)(<aij» Clk)(bij» dlk)*))*
= ((bij, duc)({ayj, Clk>*(bijfdlk))*)*
= ({aj, cue)*(byj, dye))
= ({aj, cu)byj, dye))
= (egj, l)-
It is known in [12] that idempotents commute on rhotrix ample semigroup, so we have that
(fij!hk)(eij» Iy) = <eij’Ilk)<fij:Ilk)

= (ejj, lix). Thus (e;;, ix) < {fij, L)-
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4. w-COSETS OF A CLOSED SUBSEMIGROUP OF RHOTRIX AMPLE SEMIGROUP
Throughout this section, we shall denote the natural partial order of a rhotrix ample semigroup
by w.Now let (x;;, yy) € S and put (x;;, yydw = {{a;j, cue) €5+ (x5 yue) w (@, ) }-
Let K = (m;j,ny) be asubset of S such that the closure of K in S becomes

(mij'nlk>w = {(aij'clk) €S: (mijrnlk> w (aij' Cik) }
We state below some properties of the closure of K in S as adopted from [13].

Lemma 4.1. [13] Let K = (m;j, n;) and T = (s;;, t;;) be subsets of a rhotrix ample semigroup
S. Then the following is evident
) (mj, ) € (myj,ny) o

i) (mj, ) o S (s, t) @ iF (myj,nye) € (s, tix)

iii) (((mij'nlk>w)(aijr CZk)) w = ((mijrnlk)<aij' Clk))w

Lemma 4.2. Let S be a rhotrix ample semigroup with K = (m;;, n) as its subsemigroup. Then
i) (m;j,ny)w is closed ample subsemigroup of S

i) ((myj, nuedw)(gij, hue) = (myj,nye)o for each (g, hy) e S

Proof. i) The proof is a routine check.

i) The proof follows from Lemma 3.1 for each (a;;, c;x) € K, we have

((myj, npedw ayj, cie) € ((myj, npeaij, ci)) = (myj, ny ) which completes the proof.

The following Lemma is true for a closed subsemigroup of rhotrix ample semigroups.

Lemma 4.3. Let Q = (p;;,qix) be a closed subsemigroup of a rhotrix ample semigroup S.
Suppose V is a closed subsemigroup of Q, then V isalso closed in S.

Proof. Suppose (t;;,hix)€eQ is in Vw then for some (s;;,04) €V we have (s;;, o),
(tij, hy) € w. Since V is closed in Q then Vw = V which implies that (t;;, hy) e V.

From (t;;, hy) eV and V c Q € Quw then  (t;;, hy) w (x;j, yix) for (x;;, yix) € Qu, it follows

j;
from the transitivity of w that ((s;;, o), (xij, Yix)) € w.

Thus (x;;, yix) € V.
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But we already know that ((Sijr Olk)i (xij,ylk)) €W |mp||e5 that ((Sij' Olk>1-r (xij,ylk)T) € w and
(¢sij» ou)™, (xij, yir)™) € w so that (s;5, 050)T, (51, 0p)* € Vo = V.

But (x;j, yie) (ij yue), (xij i) € Qo and Qu = Q, thus  (x;;, yu)T, (X, yir) €V =V

which implies that V is closed in S.

5. PARTIAL RIGHT CONGRUENCESON §

Now let K be a rhotrix ample semigroup of S and define a relation pX on S in terms of w-

cosets of K by the rule:

(aij, cie) pX (b, dye) if and only if (a;j, cu)(bij, die)* € ((myj, nu)(bij, dy)) € w for some
(aij, cuch bij, dix) € S.

Lemma 5.1. pX is a partial equivalence on S.

Proof. That pX is reflexive is clear. It is known from the proof of lemma 4.3 that if
(aij, cueXbij die)™ € ((myj, nyXbij, dige))w then  (myj, ny )by, di) @ (agj, c) and we have
that (a;;, cie) € ((mij, )by, di)) w.

It also follows from lemma 4.3 that ((m;;, ny Maij, cii)) @ = (¢myj, )by, dig))w, and that
(agj, cuXbyj, dy)" € ((mijfnlk><bij: dlk))w implies that (b, dyXayj, cu)” € ((mij»nzk>(aij»czk))w
so that we have (a;;, ci) p (byj, dy) if and only if (b;;, dy) p* (ayj, cire)-

Hence pX is a symmetric relation.

p’ is a transitive relation since from (a;;, ci) p™ (byj, dyie) and (byj, dyie) p* (u;j, vy ) it follows
from lemma 4.3 that ((myj, nuXaij, cu))w = ((myj, by, dyd)w = ((myj, nydug, v ) ) w
50 that {a; , ey (uj, vire)™ € ((myj, nueXuj, v .

Thus pX is a partial equivalence on S.

Remark 5.2. We note that if (a;;, c; )T € K, then obviously (a;;, c) € ((mij,nlk)(aij, C))w
which implies that (a;;, ¢} p* {ayj, cix) may not hold for all (a;;, cy) € S.

Put Dy = {(xij, vy €S ¢ (xij, yu)T € K}. We call the set Dy, the domain of the relation p¥.
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We say that a partial equivalence pX onS is a partial right congruence if and only if
(aij, cik), (byj, dix) € S we have that
(aij, cye) pX (bij, dy) implies that ((agj, cye)xij yire)) P ((bij, duc )i, yue)) s true for all
(xi, yue) € S or both {aj, cudxij, Yieds (bij, duc)Xijp yue) € Sldom p¥ .
The next lemma shows that pX is a partial right congruence on S.
Lemma 5.3. pXis a partial right congruence on S
Proof. Let (a;j, cix) p¥ (byj, dy). SO we have that {a;;, cye)(byj, di)* € ((myj, )by, die)) w.
But (a;;, cuXbij, due)” = ({aj, cue)(byj, dlk>*)+<aij' Cix) SO that
(aij, cuXbij, due Y ijr que) = ({aij, cu){bij dlk>*)T (aij, ceXPij» Qi)
Hence we have
(agj, cuc)bij, ducY (pijy que) w aij, cuXpij» que) and
(aij, cueXbij, dye) D1y que) € (Mg, e Xbyj, due XDy quie) ), 50 that
(agj, cu)pij» que) € ((maj, )by, due )i, que) )@ - It is now obvious that when
((aj, cueXpij, qlk))T e K, then ((my;, ny )bij, duy)pij, que))w is an w-coset and then
(aijr Clk)(bij' dlk>*<pij: qQik) = <aij: CZk)((bij» dlk)*(pij' ‘hk))
= (aj, cu)(Pij» que) (i, duY (D, Qlk>)*

= ((aijr Clk)(Pij» Chk))((bij» dlk)*(pij: QIk))*e ((mijrnlk)(bijr dlk)<pijr ‘hk))w-
Obviously, (a;;, c;x) p* (byj, dyi.) implies that {a;;, cuXpij, que) P* (bij, duc)pijs Quie) i
(pij» que) € S is such that ((by;, ducXpyj, sz))T €K.
Thus pX is a right partial congruence on S.
Remark 5.4. It is important to note that the w-coset ({m;;, ny){x;j, yix))w is a closed set since

it is known that the closure of a set is closed.

Lemma 5.5. ({m;j, ny){xij, yux))w is a congruence class modulo p¥.
Proof. Itis known that ({m;;, ny){x;j, yix))w is an w-coset for (x;;, i) € Dy .

Let (uij; V) € ((mij;nlk)(xij;yuc))w; then <mij;nlk>(xij,}’lk> w (uij' Vgk)-
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But we have that
((mijrnlkxxij:ylk))Tw <xij’ylk>1-; ((mij’nzkxxij,)’zk))T = ((mij'nZIc)(xij:ylk)T)Tw (xij:}’l)!c)Jr
and since (x;;, yue)t € K, then ((my;, mye)(xij, yu)) e K.
Consequently, {x;;, y;)" € K so that (u;j, vy) € Dy and ({myj, ny)w;j, vir))w is an w-coset .
We have that (m;j, ny ){x;j, Yix) @ {u;j, v ) implies that
(mij»nzk)(xij»Ykaxij»J’zk)* = (mij:nlkxxij'ylk) w <uij: vlk)(xij'ylk)*’ SO (uij: Ulk)(xij')’lk>*-
Also we have that (m;;, ny ){x;;, Yix) @ (u;j, vy ) implies that

((mij:nlkxxij:}ﬁk))* = ((mij'nlk>*<xij'ylk>)*w (uij, Vi)™
Together  with  (x;j, yue) (¢, muse) e, yu)) = (Mg i) (e Ve € (€ ) i, yise) )
and (mj, nye) (X, Yue) @ (Xijo Yue) (Ui, Vi)™ then (xgj, yued(ugj, vie)* € ((my, nygeYugj, vi) ).
Consequently, it follows that
(¢mj, )i ) )w = ((my, nyge )X, vyge) ) resulting in- (x;, ye) % (uyj, vy
Conversely, let (x;;, yu) p¥ (uij, vi), then since (wj, vy )i, i)™ € ((mij, nue)(xij, yie)) w
and (w;j, v )i, yie)* = ((wyj, vlk)<xij'ylk>*)+<uij' V) o (U, vy ) SO we have that
<uijrvlk) € ((mij'nlk)(uijfvlk))w-
But (u;j, vix) € ({myj, nye)wij, vi))w implies that (u;j, v )t € K so obviously (u;;, vy € Dx,
and thus ((my, ny)xij, yie))w is a pX -class.
So far, we have proved the following theorem

Theorem 5.6. Let K be a closed subsemigroup of a rhotrix ample semigroup S. Define a relation

p on S as follows: (a;;, c;;) p® (b, dyi) implies that

jP
(aij, cueXxip yie)) P ((bij, duexi, vire))-

Then pX is a partial right congruence on S.

Remark 5.7. If however (x;;, yy) € K then ((my;, ny Muyj, vir))w = (myj, ny Yo showing that

(myj, ny ) is also a p¥ -class. It is obvious that K is the only p¥ —class containing idempotents.
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We will conclude this section by showing an interesting property of a partial right congruence on
a rhotrix ample semigroup.

Now let o be a partial right congruence on a rhotrix ample semigroup S. Then o will be called a
principal partial right congruence if it is also a right cancellation congruence such that o-class is
closed, and only one o-class contains some idempotents.

Theorem 5.8. Let S be a rhotrix ample semigroup and let o be a principal right congruence on
S. A o-class K containing idempotents is a closed rhotrix ample subsemigroup of S.

Proof. To prove that K is a rhotrix ample semigroup, we observe that if (x;;, yi), (uj, vi) € K
then (xj, yu) (wij, vie) € K. Also (g, yie) 0 (xyj, )t implies (g, yucdugj, vi) 0
(xij yu) T(uij, vige), hence (xij, yie), (uij, vir) € K, S0 K must be a subsemigroup of S. Suppose

(eij, i) € E(S) then we have that {e;;,I;x) € K, so every (x;;,y)eK , it follows that

(e, TueXxij, Yue ), ((eij,llkxxij,J’lk))Jr, ((eijillkxxij'ylk))* are in K and (e, Iy ){xj, Yu) =
(xij, yue) (e, 11k><xij;3’lk))* holds in K.

In the same manner, (x;,yu)ei, k) =, ((xij,ylk)(eij,Ilk))T(xij,ylk) eK. Also for
(u;j, vix) € Kw, then {x;;, yii) @ (u;j, vy ) for some (x;;, yix) € K.

But (i, yu)T o (wij vt L (g vu)® o (i v)® and  (ugg o)t (g vi)* €K, 50
(u;j, vix) € K. Thus, Kw € K.

Consequently, suppose that (u;;, v ) € Kw then we have (fi;, I Xw;j, vi) = (x5, yue) € K, for
i, Yue) € K, (fijo Tuc) € ECK). Now {fyj, Iye)uagj, vire) = (i, vued ((figo Ty vie)” and with
(fijp T, v € K, ((fj X, vi)) € K then (wyj,vy) € K. Thus, Ko = K.

Now suppose (xij, Vi) 0 {uyj, vig) where (xij, Yueh (Wij, vy ) € S. Evidently,
iy € Kxijoyey €S (Kxij,yue))w and  (wij, v € (K(xij, yu))w  since (xij, v,
(uij, vi)" € K. But we have that (x;;, yie)* o (uij, vie)™ I ey, yuewi, vi)* € (K(xij, yie))w

then with (Uij, i) €K, we have that (xij, YuXuij, vig)” =
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AT . . .
((xij'Ykauij'vlk) ) (xij, Vi) € K{xij, yue) SO that {x;;, yy Xu;j, vi)™ € (K<xij'ylk))(‘) implying

that (K(ul], Ulk>)(l) c (K(xij,ylk))a) .
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