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Abstract. Analytical pricing formulas and Greeks are obtained for European and American basket put options
using Mellin transforms. We assume assets are driven by geometric Brownian motion which exhibit correlation

and pay a continuous dividend rate.
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1. INTRODUCTION

An option is a financial contract that presents its holder with the right, but not the obligation,
to buy (call) or sell (put) a given amount of asset at some future date. In practice, the under-
lying asset is often the price of a stock, commodity, foreign exchange rate, financial index or
futures contract. While many styles of options exist, here we are concerned with the valuation
of European and American varieties. American options may be exercised at any time ¢t < 7T,
while European options can only be exercised at time 7'. In both cases, their definitions can be

extended to basket options, which differ by their dependence on n € N underlying assets.
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Since the seminal paper of [1], much of the literature assumes assets are driven by geometric
Brownian motion (GBM). Under this assumption, European option valuation relies on solv-
ing the Black-Scholes partial differential equation (PDE). With American options, the early-
exercise condition gives rise to a free boundary, in which no closed-form solution exists. The
corresponding PDE is given by the inhomogeneous Black-Scholes equation. However, using
the Mellin transform to solve the PDE has only recently been considered. Using the Mellin
transform to solve the PDE is distinguishable from convential methods in that; one, the tech-
nique requires no change of variables or reduction to a diffusion equation; and two, it enables
option formulas to be expressed in terms of market asset prices, rather than logarithmic asset
prices. For pricing financial derivatives, the Mellin technique was first introduced in [2], where
the authors consider the European call option without dividends. Thereafter, the dividend-
paying single-asset case is solved in [5] by applying the Mellin transform to the PDE, [4] via
the discounted expectation formula for options, and [3, 10] by an application of Mellin convo-
lution. For American options, the dividend-paying single-asset case is solved additionally in
[5]. Mellin transforms have been used to price other styles of options, including perpetuals in
[9]. The general multi-asset formulas for pricing European and American basket options on
dividend-paying assets are derived herein.

In section 2, we extend the existing Mellin-type pricing formulas for European basket options
on n assets with continuous dividend rates and correlation. The expressions for the analogous
American basket option are derived in section 3. As a corollary, new expressions for the Greeks

of multi-asset European and American options are provided in section 4.

2. EUROPEAN OPTIONS

In this section, Mellin transforms are used to derive the formula for the price of a European
basket put option where assets have a continuous dividend rate and correlation. For an option
issued on n assets, let § = (Sy,...,S,), 6 = (01,...,0,) and ¢ = (q1,...,qn)’. The value V =
V(S,t;K;T;0;r;q) is dependent on the underlying asset prices 0 < S;(¢) < oo, the exercise price
K > 0, the maturity time 0 <t < T, the asset volatilities (or standard deviations) o; > 0, the

risk-free interest rate r > 0, and continuous dividend rates g; > 0, Vi. The assets are assumed to
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be driven by geometric Brownian motion,
2.1) dS; = w;S;dt + 0;S;dW;,

where the Wiener processes satisfy dW; ~ Normal(0,dt) and corr(dW;,dW;) = p;; for p;; €
[—1,1]. The risk-neutral drift
o2

2.2 i=r—qi——
(2.2) Hi=r—qi==

ensures the no-arbitrage condition holds. For multivariate Brownian motion with drift, say X;,
the characteristic function ®(u;t) := exp[—t¥(u)] = E[exp(iu'X,)] is given by the exponent

(2.3) ¥(u) = %u’Eu—iu’u.

It is known under these conditions that the corresponding PDE for the price of a European

basket option is the generalized Black-Scholes equation:

v o1 A A v
24 oz P L —ans: 2 v —o.
24 o 3, PSS s as, T Ll —a)Sigg =1V =0

We note (2.4) must satisfy the boundary conditions

(2.5) V(S,T)=6(S)=(K—Y.8)" and V(S,r) > 0as$ — co.
i=1
Let . {f(x);w} denote the multidimensional Mellin transform of a function f(x) € R"* given

by,
26) Fow) =t (fxwh = [ plxetax

where complex variable w = (wy,...,w,)’ exists in an appropriate domain of convergence in C".
Conversely, the inverse multidimensional Mellin transform of a function f(w) € C” is defined

by
2.7) Fx) = 0 {f(w);x} = (2mi) " /y Fw)x " aw,

where y = X y;j are strips in C" defined by yj = {a;+ibj :a; € R,b; = oo} with a; € R(w;).
j=1
Thus, to find the multidimensional Mellin transform of the generalized Black-Scholes equation
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apply (2.6) to (2.4):
oW 1 &
(2.8) o + = Z p,]G,GJw,wJV+ ZG w,V+ r—qi Zwl —rV=0.

i,j=1 i=1
By use of (2.2) and (2.3) we may rearrange the expression to obtain the ordinary differential
equation

av(w,t)

(2.9) = (P(wi)+r)V(w,t).

Solving via the final time condition (2.5) yields
(2.10) V(w,1) = 0(w)e” Ywi+n(T=1),

Hence, by Mellin inversion we obtain our result.

Theorem 1. The Mellin-type formula for a European basket put option on n assets is given by
(2.11) VE(S,1) = {0 (w)D(wi, T —1) e T

where ®(x) is the characteristic function of a multivariate Brownian motion with drift and the
Mellin transform of the payoff function is given by

R B ﬁn(w)KH'):w
212 OW) = W) Ew 1)

L(w;) /(X wi), we C", and R(w) >0

for multinomial beta function B,(w) =[Tj_,

The derivation of (2.12) proceeds as follows. Consider the following expression for the J-

dimensional Mellin transform of the put payoff function on J assets:

J J . J-, T(w:
(213) / (K_ Z Si)+ HSW/ ]dS] _ H]_l J( ]) KH_ijl W)
RI* = = F2+Y-wj)

When J = 1 the expression holds. Assume J = n, then forJ =n+1

n+1 +n—i—l "
I
LHS = [ . (K= Zs HS as;
F(2J+Zn Jw)/o (K = Spar) P8 dS
j=1"J

1
HVH- (J) K“‘Z?Z{
(2+Zn+le)




BASKET OPTION PRICING USING MELLIN TRANSFORMS 5

from Fubini’s theorem and (3.191.1) in [6]. The result follows from the definition of the multi-

nomial beta function and properties of gamma functions.

Remark 1. An application of generalized put-call parity computes the price of a European call

from a put (see [7]).

3. AMERICAN OPTIONS

In this section, Mellin transforms are used to derive the formula for the price of an American
basket put option where assets have a continuous dividend rate and correlation. For multi-
ple assets, the continuation region exists for )}/ | S; > S*, while the exercise region exists for

"1 8; < S*. The value V = V(S,t;K;T;0;r;q) of an American option on one asset is known
to satisfy the inhomogeneous generalized Black-Scholes equation:

oV 1 & 0%V L A%
8t +5 jz‘,lpleszSSjgsgS +Z( _Qi)Sia_Si_rV—fa

3.1
where the early exercise function is

—rK+Y1 ¢S, 0<Yii S <8%(1),
(3.2) f(8,1) =
0, SH(t) <X Si < oo

Similar to the European case, the boundary conditions imposed on (3.1) are

S,~)jL and V(S,7) > 0as S — oo.

agE

(3.3) V(S,T)=6(S)= (K-
1

~.

The smooth pasting conditions along the boundary are

AV (8,t)

3.4)
dS;i i Si=S*

=—1 and 6(S)=K-S".

The multidimensional Mellin transform of (3.1) is given by the expression

8V l ! i
i,j=1 :1

(3.5)

By use of (2.2) and (2.3) we may rearrange (3.5) to obtain the ordinary differential equation

av(w,t)

(3.6) i

— (¥(wi)+r)\V(w,t) = flw,1).
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Solving via the final time condition (3.4) and applying Duhamel’s principle yields
3.7) D (w,1) = B(w)e (PO /‘ ((wi)+r)(50) g,
t

Hence, by Mellin inversion we obtain our result.
Theorem 2. The Mellin-type formula for an American basket put option on n assets is given by
(3.8)
T
VE(S,1) = e_’(T_’)//l_l{G(w)CID(wi, T z)} ! { / F(w,s)D(wi,s — t)e_r(s_’)ds},
t
where ®(x) is the characteristic function of a multivariate Brownian motion with drift, 0 (%)

is the Mellin transform of the payoff function given by (2.12), and the Mellin transform of the

early exercise function is given by

MMWﬁW4W544
Yw Yw+1

for free boundary S*(t), multinomial beta function B,(w) = [Tj_,; T'(w;)/T(Li, wi), w € C",
and R(w) >0

(3.9) fw,1) =

The derivation for (3.9) proceeds as follows. Consider the following expression for the J-

dimensional Mellin transform of the early exercise function on J assets:

J I T(w;) (%) E-1" [ §* W
/ (—FK-I-ZC]iSi) HS;-V’ 1de H] 1 LOv))(87) Zj 1477 —rK|.
R/ i=1 =1 (14X wj) Yiwit1

When J = 1 the expression holds. Assume J = n, then for J =n+ 1

n+1 n+1 W
— — .q. J
LHS = /R . ( K+Y q,s,> Hs las,

i=1

—rKIT:_, T (w;) rS* _— _

C(1+Y0_,w))
+
Z}} ]q]W]H] IF(WJ)/ (S*_S 1)1+Z?:1WjSWn+l_ldS 1
Fe+yw)  Jo " o
—rKTIH Dw)) st X qwi TTE T(w)) ntl
] (S*>Z’+ 2 ntl (S*)HZJL
LI+ Y05 w)) F2+Yw))

from Fubini’s theorem and equation (3.191.1) in [6]. The result follows from the definition of

the multinomial beta function and properties of gamma functions.
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Remark 2. An application of generalized put-call symmetry gives the price of an American call

option from a put (see [8]).

Note that the early exercise premium only contributes to the price of the option when Y7, S;(s) <
S*(s). Otherwise the second term of (3.8) is zero. By imposing the smooth pasting conditions

(3.4) on (3.8), we obtain an implicit equation describing the free boundary.

Corollary 1. The free boundary S*(t) is given by the solution of the expression

e (IT—1) R
(3.10) K—8"(0) =" / O(w)D(wi, T —1)8* (1) ¥ dw
Y

T
_// f(w,s)D(wi,s —1)e "8 (1) ¥ dsdw.
yJt

The free boundary can be obtained by solving for $*(¢) where $*(¢) = (S7,...S};) over the space
of possible prices in R"* such that $* = Y | SF. By setting the free boundary equal to zero,

(3.8) reduces to (2.11).

4. OPTION SENSITIVITIES

Option sensitivities or Greeks describe the relationship between the value of an option and
changes in one of its underlying parameters. They play a vital role for risk management and
portfolio optimization, since they have the ability to describe how vulnerable an option is to
a particular risk factor. They are easily obtained for European and American options by pass-
ing the appropriate derivative operator under the complex integral in (3.8). For succinctness,
the variable change 7 = T —¢ is used in some of the following expressions. The first partial

derivative with respect to a given asset, Delta, is given by

(4.1) A N _

=g =—e ! {ﬁé(w)cp(wi, r)}

Si
i wi [T . —rs
+.4 {? / fw, T —5)P(wi,s)e ds}.
i J0
Theta, the first partial derivative with respect to time is
Vv

R e A { (P(wi) + )0 (w)D(wi, T — r)}

v { /, "B (wi) 47— 1) (w,5) D (w5 — t)e*r@*f)ds}.
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Rho, the first partial derivative with respect to the risk-free rate of return is given by
4.3) pi=g =— re*”,///*l{(z wi— 1)(T — 1) (w)®(wi, 1)}

(w,s5)P(wi,s — t)e_r(s_l)ds}.

|
3
—
«\
A’*]
1=
3
|
N
w
|
=

By eliminating the second term for each Greek we obtain the corresponding European option
sensitivities. Since most payoff functions are independent of the derivative operator, these ex-
pressions also hold for many path-independent multi-asset options. The American case differs
because the exercise region varies with time and depends on the payoff function. Even in
the simplest case of the basket option, the Mellin transform of the early exercise function is
dependent on the derivative operator and must be considered to obtain expressions for other
multi-asset Greeks.

Remark 3. By direct substitution of the Greeks, we may prove that (i) formula (2.11) is a clas-
sical solution to the European pricing problem (2.4)-(2.5) and (ii) formula (3.8) is a classical

solution to the American pricing problem (3.1)-(3.4).

5. CONCLUSION

In the context of Mellin transforms, we obtain analytic solutions for the fair value of basket
put options and Greeks on n assets with continuous dividend rates and correlation. Solutions
are obtained for both European and American option styles. The decomposition of the solution
enables the direct computation of either European or American basket option prices. By solving
for the Mellin transform of alternate payoff functions, the results presented here may be used to

price more complicated multi-asset options.

Acknowledgements

This research was supported in part by the Natural Sciences and Engineering Research Coun-
cil of Canada, Grant DG 46204. The first author would like to thank participants of the 4th
New York Conference on Applied Mathematics at Cornell University where this research was

presented.



BASKET OPTION PRICING USING MELLIN TRANSFORMS 9

Conflict of Interests

The authors declare that there are no conflict of interests.

[10]

REFERENCES

F. Black, M. Scholes, The pricing of options and corporate liabilities. J. Political Economy 81 (1973), 637.
D.I. Cruz-Béez, J.M. Gonzilez-Rodriguez, Semigroup theory applied to options, J. Appl. Math. 2 (2002),
131-139.

D..I. Cruz-Béez, J.M. Gonzilez-Rodriguez, A different approach for pricing European options. In: Proceed-
ings of the 8th WSEAS International Conference on Applied Mathematics. MATH’05. World Scientific and
Engineering Academy and Society (WSEAS), Stevens Point, Wisconsin, USA, 2005, pp. 373-378.

D. Dufresne, J. Garrido, M. Morales, Fourier inversion formulas in option pricing and insurance, Methodol.
Comput. Appl. Probab. 11 (2009), 359-383.

R. Frontczak, R. Schobel, On modified Mellin transforms, Gauss-Laguerre quadrature, and the valuation of
American call options, J. Comput. Appl. Math. 234 (2010), 1559-1571.

L.S. Gradshteyn, .M. Ryzhik, Table of Integrals, Series and Products, 6th Edition. Academic Press, San
Diego, 2000.

P. Laurence, T.H. Wang, Sharp upper and lower bounds for basket options, Appl. Math. Finance 12 (2005),
253-282.

L.S. Molchanov, M. Schmutz, Multivariate extension of put-call symmetry, STAM J. Financial Math. 1 (2010),
396-426.

R. Panini, R.P. Srivastav, Pricing perpetual options using Mellin transforms. Appl. Math. Lett. 18 (2004),
471-474.

M.R. Rodrigo, R.S. Mamon, An application of Mellin transform techniques to a Black-Scholes equation
problem, Anal. Appl. 5 (2007), 51-66.



