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1. Introduction and preliminaries

In 2002, Csaszar [1] introduced the notions of generalized topology and generalized con-
tinuity. A generalized topology (breifly GT) [1] u on a non-empty set X is a collection of
subsets of X such that @ € u and u is closed under arbitrary union. Here, a generalized topol-
ogy U is said to be strong [2], if X € p. (X, ) is called a quasi topology [3] if i is closed
under finite intersection. A subset A of a generalized topological space (X,u) is called u-
o-open [4] (resp. u-m-open [4], u-a-open [4], u-B-open [4], u-6-open [5], u-b-open [6],
p-t*-open [7]) if A C cy(iy(A)) (resp. A Ciy(cu(A)) A Ciy(cu(in(A))), A C culin(cu(A))),
In(cu(A)) Ceplin(A)), A Cip(cu(A)) U (in(A)), in(cp(in(A))) = iu(A)).
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A hereditary class 7 of X is a non-empty collection of subsets of X such that A C B, B €
2 implies A € 7 [5]. With respect to the generalized topology u of all u-open sets and a
hereditary class .77, for each subset A of X, a subset A*(7) or simply A* of X is defined by
A*={x € X/MNA ¢  for every M € u containing x} [5]. 7 is said to be pu-codense[8], if
uNs# = {0} and is said to be completely p-codense [8], if w(X)N .72 = {0}, where w(X)
is the family of all m-open sets in (X, ). Then o (A) = AUA* for every subset A of X, with

respect to 1 and hereditary .77 class of subsets of X.

Lemma 1.1. [8] If (X, ) is a quasi topology with a hereditary class 7. Then the following
are hold.

(a) F is U-codense if and only if A C A* for every A € L.

(b) IfA C A*, then A* = cy(A*) = cu(A) = ¢, (A).

Lemma 1.2. [8] Let (X,1t) be a generalized topological space with a hereditary class .
Then ¢ is completely [-codense if and only if 7€ C N, where N is the hereditary class of

all nowhere dense sets in (X, 11).
2. Generalized open sets in HGTS

Definition 2.1. A subset A of a hereditary generalized topological space (X, u,.7¢) is said to be

a

b

a-7-open [5]if A Ciy(cy, (iu(A))),
B-7¢-open [5]if A C cy(iu(cy(A))),

c) o--open [S]if A C ¢} (iu(A)),

d) m-7-open [5]if A Ciy(cy(A)),

e) 8-7-open [8] if iy(cj (A)) C ¢ (iu(A)),

1) strong B--open [5]if A C ¢ (i (¢4 (4)).
g) u*-closed [5]if cj, (A) C A.

)
)

Definition 2.2. A subset A of a hereditary generalized topological space (X, i, 7) is said to be
b-7-openif A Ciy(cj,(A))Ucy(iu(A)).

Proposition 2.3. Let (X, u,.7) be a hereditary generalized topological space and A C X. Let
A = BUC, where B is -7 -open and C is -7 -open. Then A is b-7¢ -open.
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Proof. The proof is obvious.
Proposition 2.4. In a hereditary generalized topological space (X, 1, 7€) the following holds:
a) Every a-7-open set is [L-0-open.
b) Every o-7-open set is [L-G-open.
¢) Every B-7-open set is [L-B-open.
d) Every b-7¢-open set is |L-b-open.

Proof. a) Let A be an a-77-open set. Then A C iy (cj,(iu(A))) = iu((iu(A))* Uin(A)) C
iu((cu(in(A))Uiy(A)) =iu(cu(in(A))). Hence A is p-o-open.

b) Let A be a -7 -open set. Then A C ¢, (iu(A)) = (iu(A))* Uin(A) C cu(iu(A)). Hence A is
U-G-open.

c) Let A be a 3-7-open set. Then A C ¢y (in(c}y(A))) = cu(in(A*UA)) Cep(in(cu(A)UA)) =
cu(iu(cu(A))). Hence A is u-f-open.

d) Let A be b-7"-open set. Then A C iy (cj;(A))Ucy(in(A)) = in(A*UA) U ((iu(A))" Uiu(A))
Ciy(cu(A)U(A)) U (culin(A)Uin(A))) =iu(cu(A))Ucy(iy(A)). Hence A is u-b-open.

Remark 2.5. The following examples show that the converse of Proposition 2.4, need not be

true.

Example 2.6. Let X = {a,b,c,d,e}, u = {0,{a},{c},{a,c},{a,b,c},{c,d, e}, {a,c,d e}, X}
and 7 ={0,{a},{b},{c}}. Then A={c,e} is u-a-open (resp. W-c-open) but not o.-7-open
(resp. -7 -open).

Example 2.7. Let X = {a,b,c,d}, u ={0,{a,b},{a,c},{b,c},{c,d},{a,b,c},{a,c,d},
{b,c,d}, X} and 7 ={0,{c},{d}}. Then A ={c} is u-B-open but not B-7¢-open.

Example 2.8. Let X = {a,b,c,d,e}, u = {0,{a},{c},{a,c},{a,b,c},{c,d, e}, {a,c,d e}, X}
and 7€ = {0,{a},{b},{c}}. Then A ={a,b} is u-b-open but not b-¢-open.

Proposition 2.9. In a hereditary generalized topological space (X, u,.7) the following holds:
a) Every o-7-open set is 1t- 7€ -open.
b) Every o.-7-open set is G- -open.
c¢) Every m-7¢-open set is 3-7€-open.
d) Every 6-7¢-open set is b-7-open.
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e) Every m-7¢-open set is b-7-open.
f) Every b-7-open set is -7 -open.

Proof. a) Let A be a-77-open. Then A C iy (cj, (iy (A)
b) Let A be -7 -open. Then A C iy (cj, (iu(A))) .H

c) Let A be m-7¢-open. Then A C iy (c}(A)) C . Hence A is -7 -open.

d) Let A be 0-7¢-open. Then A C ¢}, (iu(A)) Ciu(cj (A)) Uc),(iu(A)). Hence A is b--open.
e) Let A be m-7¢-open. Then A C iy (c}(A)) C Ucy,(iu(A)). Hence A is b-7¢-open.
f) Let A be b-7-open. Then A C iy(c}(A)) CZ(iu(A)) C c“(zu( (A) Ucy(in(A))) =
(i (A))) U (i (A)) = cu i (€ (4)))
C culin(cp(A)))Uep (e (in(A)) Uin(A)) = cp(in(cy(A)))Uep(in(A)) C eplin(cy (A))). Hence
A is -7 -open.

Remark 2.10. The following examples show that the converse of Proposition 2.9, need not be
true.

Example 2.11. Let X = {a,b,c,d}, u = {0,{a,c},{a,d},{b,c},{a,b,c},{a,c,d},X} and
H ={0,{a},{b}}. Then A = {c,d} is -7 -open but not a.--open.

Example 2.12. Let X = {a,b,c,d}, p = {0,{a},{b},{a,b},{a,c},{a,b,c},{b,c,d},X} and
H ={0,{a},{b}}. Then A = {a,b,d} is 6-7-open but not a-7¢-open.

Example 2.13. Let X = {a,b,c,d, e}, u = {0,{a},{c},{a,c},{a,b,c},{c,d, e}, {a,c,d e}, X}
and 7 = {0,{a},{b},{c}}. Then A ={a,b} is B-7¢-open but not w-7 open.

Example 2.14. Let X = {a,b,c,d}, u = {0,{c},{a,b},{a,b,c},X} and 7 = {0,{d}}. Then
A ={a,c} is b-F-open set but not G- F-open.

Example 2.15. Let X = {a,b,c,d}, u = {0,{c},{a,b},{a,b,c},{b,c,d},X} and

H ={0,{d}}. Then A ={c,d} is b-7-open set but not - -open.

Example 2.16. Let X = {a,b,c,d}, u = {0,{a,b},{b,c},{a,b,c},{b,c,d},X} and # =
{0,{a},{b}}. Then A = {a,b,d} is B-7-open but not b-7-open.
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Proposition 2.17. Let (X,u,.7) be a hereditary generalized topological space. Let A and B
be subsets of X. If A is an a-7¢-open set and B is a B-7-open set then ANB is a B-7-open

set.

Proof. Let A be an o-57-open set and B be a §-7-open set. Then ANB C iy (¢, (iu(A))) N

culiu(cy(B))) C eulin(cp(iu(A))) Niu(cy(B))) C eplin(cy(in(A)) Niu(cy(B))))
= cu(iu(cy(iu(A)NB))) C culiu(cy(ANB))). Hence AN B is B-7-open.

Proposition 2.18. Let (X,u, ) be a hereditary generalized topological space and A C X.
Then A is 6-77-open if and only if there exists a l-open set U such that U C A C CZ(U ).

Proof. Suppose that A is -7-open. Then A C ¢}, (iy(A)). Let U = iy(A). Then U C A C
c;,(U). Conversely, assume that there exists a fi-open set U such that U C A C ¢, (U). Then
U Ciy(A) and thus ¢;; (U) C ¢, (iu(A)), but A C ¢, (U), so A C ¢, (iu(A)), that is A is 0-72-

open.

Proposition 2.19. Let (X, u, ) be a hereditary generalized topological space and A C X. If

there exists a - -open set U such that U C A C ¢, (U), then A is strong -7 -open.

Proof. Since U C A C ¢, (U), it follow that ¢}, (A) = ¢}, (U), and thus iy (¢, (A)) = iy (cj, (U)).
But U is 7-77-open, so U C iy(cy(A)) and A C ¢, (U), so A C ¢ (iu(cy(A))), that is, A is
strong f3-.7-open.

Remark 2.20. The following example shows that the converse of Proposition 2.19, need not be

true.

Example 2.21. Let X = {a,b,c,d,e, f,g}, 0 = {0,{a,b,c},{c.d,e},{e, f,g},{a,b,c,d, e},
{a,b,c,e, f,g},{c,d e, f,g}} and 7 ={0,{a},{b}}. Then A = {a,b,d} is strong B-7-open.
(i) If U = 0, then U is - -open, but ¢}, (U) = 0.

(i) If U = {a, b}, then U is not -7 -open, because iy (c;, (U)) = 0.

(iii) If U = {a,d}, then U is not -7 -open, because c;, (U) = {a,d} and iy (c;,(U)) = 0.

(iv) IfU = {b,d}, then U is not w-5¢-open, because c ]
(V) IfU = {a,b,d}, then U is m-7-open, but c; (U) = 0.
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Hence there is no m-7¢-open set U such that U C A C ¢, (U).
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Theorem 2.22. Let (X, 1, 7) be a hereditary generalized topological space and A C X. If A
is both o.-7€-open and U*-closed, then A is lL-open.

Proof. Let A be a-7-open set. Then A C iy(cy(iu(A))) Ciu(c;(A)) Ciu(A). Hence A is
-open.

Theorem 2.23. Let (X, 1, H) be a hereditary generalized topological space and A C X. If A is

both B-7¢-open and W*-closed, then A is [L-G-open.

Proof. The proof is obvious.
Proposition 2.24. Let (X, 1, 5¢) be a hereditary generalized topological space and A C X. If
A is both b-7€-open and U*-closed, then A is a 6-7¢-open set.

Proof. Let A be b-7#-open and p*-closed. Then A C (iy(cj,(A)) Ucy(in(A))) = (iu(A) U
((iu(A))*Uin(A))) = (iu(A) U(iu(A))*) = c;(iu(A)). Then A is a 6-7-open set.
Proposition 2.25. Let (X,, ) be a hereditary generalized topological space and A C X. If
A is b-7€-open such that iy, (A) = {0}, then A is a -7 -open.

Proof. Let A be a b-7-open set. Then A Ciy(cj,(A))Uc;

1 (in(A)) =iu(cj(A)). Hence A is a

n-7¢-open set.

Proposition 2.26. Let (X, u,.7) be a hereditary generalized topological space and A C X. If
A is a b-77-open set, then A is a strong 3-7¢-open set.

proof. Let A be b-7-open. Then A C iy (c} (A))Ucy (iu(A)) C ¢ (in(cy(A))) Ucy(in(A)) =
cp(in(c(A)) Uiy (A)) C ¢y (iu(cy(A)UA)) = ¢y (iu(cy(A))). Hence A is a strong -2 -open
set.

Remark 2.27. The following example shows that the converse of Proposition 2.26, need not be
true.

Example 2.28. Let X = {a,b,c,d}, u = {0,{b},{a,d},{a,b,d}} and 7 = {0,{b}}. Then
A ={a,c} is strong B-F-open but not b-7-open.

Proposition 2.29. Let (X,u, ) be a hereditary generalized topological space and A C X.

Then the following are equivalent.
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1. A is 6-7-open.
2. A is both b-7-open and 8- -open.
Proof. (1) = (2). Let A be 0-5-open. Then A C ¢, (iu(A)). Now iy(c},(A)) C ¢}

cp (e (iu(A))) = ¢ (iu(A)). Hence A is 5-7¢"-open set.
(2)=(1

Proposition 2.30. Let (X, u,5) be a hereditary generalized topological space and A C X. Let
FC=P(X). Then A is b-7-open if and only if A is lL-open.

(
)-

The proof is obvious.

Proof. If 7 = P(X), then A* = 0. If A is b-5-open, then A C iy(cj,(A)) Ucy(iu(A)) =
in(A*UA)U((iu(A))"Uiyg(A)) = iu(A) Uiy (A) = iu(A). Hence A is p-open.

Remark 2.31. The following examples show that the intersection of two b-.7-open sets (resp.
o-7-open sets, G- -open sets, -7 -open sets, 7-.7-open sets) need not be b-7#-open set

(resp. a-s7-open set, G- -open set,3-7-open set, -7 -open set).

Example 2.32. Let X = {a,b,c,d}, u = {0,{a,b},{b,c},{a,b,c},{b,c,d},X} and 7# =
{0,{a},{b}}. Then A = {a,b} and B = {b,c} are b-5€-open sets. But ANB = {b} is not
b-7€-open set.

Example 2.33. Let X = {a,b,c,d}, u={0,{a},{b},{a,b},{a,c},{a,b,c},
{b,c,d}, X} and ={0,{a},{b}}. Then A={a,c} and B={b,c} are o-7-open sets. But
ANB={c} is not a--7-open set (not G- -open).

Example 2.34. Let X = {a,b,c,d}, u={0,{c},{a,b},{b,c,d},{a,b,c},X} and #={0,{d}}.
Then

1. A={a,b,d} and B={a,c,d} are B-7-open sets. But ANB={a,d} is not B-7-open.

2. A={a,b} and B={a,c} are w-7¢-open sets. But ANB={a} is not n-7-open.

Proposition 2.35. Let (X, 1, 77) be a hereditary generalized topological space. Let A and B be
subsets of X. If A is an a.-7€-open set and B is a b-7¢-open set, then AN B is a b-7¢-open set.

Proof. By hypothesis, A C iy (¢}, (iu(A))) and B C iy (cy(B)) Ucy, (in(B)).

Now ANB C iy (cy(iu(A))) N (in(cy(B)) Uy (in(B)))

=(ip (cj (iu(A))) Niu(cy (B))) U (in(cy (in(A))) Ny (in(B)))
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(i (A ﬂB)). Hence AN B is a b-77-open set.

Theorem 2.36. Let (X,1) be a quasi topology with a hereditary class 7 and F be U-
completely codense. Then A is b-7¢-open if and only if A is [-b-open.

Proof. Clearly, every b-77-open set is a [1-b-open set. Conversely, suppose A is p-b-open.
Then A C iy(cu(A)) Ucu(in(A)). Since S is completely u-codense, ¢ is codense and so
lemma 1.1 ¢, (iu(A)) = cu(in(A)). Again since 7 is completely p-codense, by lemma 1.2
S C N and so A*(AN) CA* (). Since A*(N) = cp(iu(cu(A))), we have ¢y (iy(cu(A))) C
A)))) Ciu(cj(A)) which implies that iy (cy (A)) Cin(cj(A)).

A* C ¢ (A) and so iy (cp(in(cp
)) Ciu(cp(A))Uc(in(A)) and so A is b-72-open.

(
)

Now A C iy (cu(A)) Uy (iy(A
3. B p-sets, C -sets and S ,--sets

Definition 3.1. A subset A of a hereditary generalized topological space (X, u,.7¢) is said to be
a) t-7-set, if iy (c;,(A)) = in(A)

b) - -set, if iy (c}, (iu(A))) = iu(A)
c) S-7-set, if ¢, (iu(A)) = iu(A).

Definition 3.2. A subset A of a hereditary generalized topological space (X, it,.7) is said to be
a) B y-set, if A=UNV, where U € p and V is t-7-set

b) Cp-set,if A=U NV, where U € p and V is an 1*-7¢-set

¢) Syp-set,if A=UNV, where U € u and V is an S-77-set.

Proposition 3.3. Let (X, i, 7 ) be a strong hereditary generalized topological space and A C X.
Then the following holds:

a) If A is p--set, then A is 7-77-set.

b) If A = A*, then A is 1-¢-set.

c) If A is -7 -set, then A is B y-set.
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Proof. a) Let A be a p-t-set. Then iy (cj,(A)) = iy (A*UA) Ciy(cu(A) UA) =iy(cu(A))=
iu(A). Obiously iy (cj,(A)) D iu(A). Therefore iy (c;,(A)) =iu(A). Hence A is t-72-set.
b) The proof is obvious.
c) Let A be at-77-set. If we take U =X € u, then A = U NA. Hence A is B_-set.

Remark 3.4. The following examples show that the converse of Proposition 3.3 need not be

true.

Example 3.5. Let X = {a,b,c,d}, u ={0,{a,b},{b,c},{a,b,c},{b,c,d},X} and 7 = {0,
{a},{b}}. Then A = {a,b} is t-7-set but not [-t-set and A = A*.

Example 3.6. Let X = {a,b,c,d}, u = {0,{a},{c},{a,b,c},{b,c,d}, X} and 7 = {0,{a},
{b}}. Then A = {b,c} is B-#-set but not t- 7 -set.

Proposition 3.7. Let (X, i, 7) be a hereditary generalized topological space and A C X . Then
the following holds:

a) If A is a p-t*-set, then A is an t*- 7 -set.

b) If A is a t-7-set, then A is an t*- ¢ -set.

c)IfAis at*-7-set, then A is a C y-set.

Proof. a) Let A be p-t*-set. Then iy (c} (iu(A))) Cin(cu(iu(A)) Uin(A)) Ciy(cu(in(A))) =

iu(A). clearly cj, (i (A)) D iu(A). Hence iy (cy (in(A))) = iu(A). Thus A is 1*-52-set.
b) Let A be t-7-set. Then iy (A) = iy (c},(A)) D iu(cy(in(A))) Diu(A). Hence A is 1*-72-set.

¢) The proof is obvious.

Remark 3.8. The following examples show that the converse of Proposition 3.7, need not be

true.

Example 3.9. Letr X = {a,b,c,d}, u = {0,{a},{b},{a,b},{a,c},{a,b,c},{b,c,d}, X} and
A ={0,{a},{b}}. Then A = {a,b} is t*--set but not [L-t*-set and t-I-set.

Example 3.10. Let X={a,b,c,d}, u = {0,{a,b},{a,c},{b,c},{a,b,c},{a,c,d},{b,c,d}, X}
and 7 ={0,{a},{b}}. Then A ={a,c} is C y-set but not t*- 7 -set.

Theorem 3.11. Let (X,u, ) be a strong hereditary generalized topological space. For a

subset A of (X, U, ), then the following conditions are equivalent:
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a) A is [L-open.

b) A is -7 -open and B yp-set.

¢) Ais a-7-open and a C yp-set.

d) A is 6-7-open and a S yp-set.

Proof. a) Let A be pi-open. Now iy (cj;(A)) = ¢j;(A) D A. Hence A is 7-52-open.
(a) = (b) ,(a) = (c) and (a) = (d) are obvious, because X is a -7 set, t*-7-set and S j-set.
(b) = (a) Since A is -7 -open, A C iy(c,(A)) = iu(cj,(UNV)), where V is t-#-set. Hence

A is p-open.

Remark 3.12. The following examples show that the notations of 7-.7-open (resp. -7 -open

set, 0-77-open set) and B_-set (resp. C y-set, S y-set) are independent.

Example 3.13. Let X = {a,b,c,d}, u={0,{c},{a,b},{b,c,d},{a,b,c},X} and 5#={0,{d}}.
Then
1. A={a,d} is B_y-set but not -7 -open.

2. A={a,c} is w-F-open but not B y-set.

Example 3.14. Let X = {a,b,c,d}, u={0,{a,b},{a,c},{b,c},{a,b,c},{a,c,d},{b,c,d}, X}
and 7 ={0,{a},{b}}. Then A={a,b,d} is C y-set but not o-7¢-open.

Example 3.15. Let X = {a,b,c,d}, u={0,{a},{b},{a,b},{a,c},{a,b,c},{b,c,d},X} and
H ={0,{a},{b}}. Then A={b,c,d} is o.-7-open but not C y-set.

Example 3.16. Let X = {a,b,c,d}, u={0,{a},{b},{a,b},{a,c},{a,b,c},{b,c,d}, X} and
={0,{a},{b}}. Then
1. A ={c} is - -open but not S yp-set.

2. A={a,d} is S y-set but not 6--open set.

Theorem 3.17. Let (X, i, %) be a hereditary generalized topological space and A C X. If A is
w*-closed and o-7¢-open, then A is t*- ¢ -set.
Proof: Let A be 6-7-open. Then A C c}(iy(A)). Now iy(cj,(A)) C ¢j;(A) C A. Hence A =

cp(in(A)). Thus iy(A) = iy(cy(in(A))). Hence A is t*-5-open.



GENERALIZED OPEN SETS IN HEREDITARY GENERALIZED TOPOLOGICAL SPACES 159

Conflict of Interests

The authors declare that there is no conflict of interests.

REFERENCES

[1] A. Csaszar, Generalized topology, generalized continuity, Acta Math. Hungary 96 (2002), 351-357.

[2] A. Csaszar, Separation axioms for generalized topologies, Acta math. Hungery 104 (2004), 63-69.

[3] A. Csaszar, Remarks on quasi topologies, Acta math. Hungery 119 (2008), 197-200.

[4] A. Csaszar, Generalized open sets in generalized topologies, Acta Math. Hungary 106 (2005), 53-66.

[5] A. Csaszar, Modification of generalized topologies via hereditary classes, Acta Math. Hungary 115 (2007),
29-36.

[6] M.S. Sarsak, On some properties of Generalized open sets in Generalized topological spaces, Demonstratio
Math. (2013).

[7] K. Karuppayi, On decompositions of continuity and complete continuity with hereditary class, J. Adv. Stud.
Topol. 5 (2014), 18-26.

[8] K. Karuppayi, A note on §-5¢-sets in GTS with hereditary classes, Intern. J. Math. Anal. 5 (2014), 226-229.



