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Abstract. The Weighted Rectilinear Min-Sum Distance Problem is a problem in optimization: given a finite

set of points S = {pi}n−1
i=0 ⊂ Rd that might represent client locations, and a set of positive numbers {wi}n−1

i=0 that

might represent the relative importances of efficient deliveries to the respective client locations pi, find a point

p∗ ∈ Rd such that the total of the weighted rectilinear distances, ∑
n−1
i=0 wild

1 (pi, p∗), is minimized, where ld
1 is the

l1 or “city block” metric in the Euclidean d-dimensional space Rd . A flawed sequential solution to this problem

is given in [10]. In this paper, we discuss improvements that can be made in the presentation of [10], and we

give a parallel implementation of our algorithm. We also present a solution to a generalization of the Weighted

Rectilinear Min-Sum Distance Problem.
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In this paper, we study the Weighted Rectilinear Min-Sum Distance Problem (WRMSDP),

considered in [10], and a generalization of this problem. The WRMSDP is described in [10] as

follows.

... we are given a finite set ... S = {p0, p1, . . . , pn−1} of n points in Rd with posi-

tive weights w0,w1, . . . ,wn−1, and the goal is to find a point c∗=(c∗,0,c∗,1, . . . ,c∗,d−1)∈

Rd that minimizes the sum of the weighted rectilinear distances (with l1 norm)

between the points in S and c∗.

A possible application of this problem is finding a location for a service cen-

ter in a town in which all the streets are parallel to the axes. The location of the

service center should minimize the sum of the weighted rectilinear distance be-

tween n customer locations given in S, and the service center.... we may want to

give the distance to certain sites more “weight” in the calculation, for example if

a site requires several deliveries daily as opposed to one delivery daily to other

sites.... Or, perhaps we want to ensure particularly good service to a certain site.

The word “clients” need not suggest individual persons. E.g., a slightly different interpreta-

tion is that the clients could be stores of a retail chain that wishes to serve its outlets efficiently

by building a new distribution center.

We also consider the more general (k,m) Weighted Rectilinear Min-Sum Distance Problem.

In this problem, we are given sets S = {pi}n−1
i=0 ⊂Rd , C = {c j}k−1

j=0⊂Rd , a set of positive weights

{wi}n−1
i=0 , and a positive integer m. We assume k≥ 0, m≥ 1, and k+m < n; in practice, we often

have k+m� n. The goal is to find a set of points C∗ = {c∗, j}m−1
j=0 ⊂ Rd such that the sum of the

weighted rectilinear distances from members of S to nearest members of C∪C∗ is minimized.

Note that if k = 0 (i.e., if C = /0) and m = 1, then this problem reduces to the WRMSDP.

The (k,m) WRMSDP corresponds to a corporation or service organization that has k existing

service centers and wishes to build m additional service centers. As above, members of S could

be clients’ locations. Members of C could be locations of existing service centers. The points

of C∗ could then be the locations of new service centers.

These problems belong to a body of research concerning facility location in operations re-

search. Related papers include [1,3,4,5,6,8,9].
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The l1 or “city block” distance is described as follows. Given points x = (x1,x2, . . . ,xd), y =

(y1,y2, . . . ,yd) ∈ Rd , the l1 metric in dimension d is defined by

ld
1 (x,y) =

d

∑
i=1
|xi− yi|.

Notice that

(1) ld
1 (x,y) =

d

∑
i=1

l1
1(xi,yi).

From equation (1), Zhu and Wang [10] observe that, in order to obtain a solution for the

WRMSDP in Rd , one can solve the problem for every coordinate separately. A similar obser-

vation holds for the (k,m) WRMSDP.

We also note that Zhu and Wang assume the input in R is sorted. This assumption cannot be

maintained in higher dimensions; we will find it useful to have the data ordered with respect to

individual coordinates, but data ordered with respect to one coordinate is not generally ordered

with respect to other coordinates. Therefore, our version of the algorithm has a sort step. As

a result, this algorithm for the WRMSDP in R takes Θ(n logn) sequential time, rather than the

Θ(n) time asserted by Zhu and Wang under the assumption that the input is sorted.

We give both sequential and parallel solutions for the (k,m) WRMSDP.

2. Preliminaries
2.1 (k,m) WRMSDP

Given the set S = {pi}n−1
i=0 ⊂ Rd , the set C = {c j}k−1

j=0 ⊂ Rd , and a positive integer m, our goal

is to compute a set C∗ = {c∗,u}m−1
u=0 ⊂ Rd that produces a minimal value for the expression

(2)
n−1

∑
i=0

wi min{ld
1 (pi,y) |y ∈C∪C∗}.

Equivalently, given the set S = {pi}n−1
i=0 ⊂ Rd , the set C = {c j}k−1

j=0⊂ Rd , and a positive integer

m, our goal is to compute a set C∗ = {cu}m−1
u=0 ⊂ Rd that produces a maximal decrease in the

weighted sum of distances between “clients” and “service centers” when the set of service
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centers is expanded from C to C∪C∗. I.e., we wish to maximize

(3)
n−1

∑
i=0

wi min{ld
1 (pi,y) |y ∈C} −

n−1

∑
i=0

wi min{ld
1 (pi,y) |y ∈C∪C∗}.

2.2 Fundamental operations

A semigroup operation uses a binary associative operation ⊕ that is applied to n data values

x0,x1, . . . ,xn−1 to obtain the cumulative result x1⊕ . . .⊕xn−1. If a single binary computation of

the⊕ operator performs in Θ(1) time, then a semigroup operation can be performed sequentially

in Θ(n) time [7].

A parallel prefix operation uses a binary associative operation ⊕ that is applied to n data

x0,x1, . . . ,xn−1 to obtain not only the result of a semigroup operation, but also a set of partial

results, namely, all of

x0, x0⊕ x1, . . . , x0⊕ x1⊕ . . .⊕ xn−1.

If a single binary computation of the ⊕ operator performs in Θ(1) time, then a parallel prefix

operation can be performed sequentially in Θ(n) time [7].

Examples of binary operators commonly used for semigroup and parallel prefix operations

include sum, product, max, min, AND, OR.

2.3 PRAM

The parallel random access machine (PRAM) (see [7]) is a model of parallel computation in

which identical processors P0,P1, . . . ,Pn−1 share access to a global memory. In this paper, we

assume a PRAM has the exclusive write (EW) property, meaning that only one processor can

write to a given memory location during a clock cycle. The exclusive read (ER) property allows

only one processor to read a memory location during a clock cycle. The concurrent read (CR)

property permits multiple processors to read a given memory location during a clock cycle.

Thus, given the same data and the same number of processors, if an EREW PRAM (a PRAM

with the ER and EW properties) solves a given problem of size n in T (n) time, then a CREW

PRAM (a PRAM with the CR and EW properties) can solve the same problem in O(T (n)) time.
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An EREW PRAM of n processors can perform the following operations on n data in the

running times given.

Semigroup operation Θ(logn) [7]

Parallel prefix Θ(logn) [7]

We use the following.

Theorem 2.1. [2] An EREW PRAM of n processors can sort n data in Θ(logn) time. �

3 Solution of WRMSDP

In this section, we show how to solve the WRMSDP. The algorithm we present uses ideas

developed in [10], but is somewhat simpler than the sequential algorithm of the latter paper;

also, our algorithm lends itself more easily to parallelization.

We recall observations in [10] concerning the 1-dimensional version of the WRMSDP.

Theorem 3.1 [10] The WRMSDP can be solved in R in Θ(n) sequential time if the input is

sorted. �

Zhu and Wang noted that the function that measures the total of the weighted distances from

members of S to a point x ∈ R,

f (x) =
n−1

∑
i=0

wi|pi− x|,

is piecewise linear. Suppose S = {pi}n−1
i=0 is sorted so that p0 ≤ p1 ≤ . . .≤ pn−1. Let p−1 =−∞,

pn = ∞. Then, observed Zhu and Wang,

(4) for x ∈ [p j−1, p j], we have f (x) = f j(x) = k jx+b j

where

(5) k0 =−
n−1

∑
i=0

wi, k j+1 = k j +2w j, 0≤ j ≤ n−1

and

(6) b0 =
n−1

∑
i=0

wixi, b j+1 = b j−2w jx j, 0≤ j ≤ n−1.

Also, from the piecewise linearity of the function f (x), we have the following.
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Theorem 3.2 [10] For the WRMSDP in R, there is a solution c∗ for the location of the service

center such that c∗ ∈ P. �

Careless reading might lead one to conclude incorrectly that Zhu and Wang claim max{ f (x) |x∈

R} is finite even under the assumption that all the weights wi are positive (see equation (4)

of [10]). A careful reader will note that it follows easily from the assumption that the weights

wi are positive that max{ f (x) |x ∈ R}= ∞.

Theorem 3.3 A solution to the WRMSDP in R can be computed in Θ(n logn) sequential time

and in Θ(logn) time on an EREW PRAM of n processors. I.e., given S = {pi}n−1
i=0 ⊂ R and

{wi}n−1
i=0 such that wi > 0 for all i, a point x∗ ∈ R such that f (x∗) = min{ f (x) |x ∈ R} can be

computed in Θ(n logn) sequential time and in Θ(logn) time on an EREW PRAM of n proces-

sors.

Proof: Consider the following algorithm.

(1) Sort S into ascending order. This is done in Θ(n logn) sequential time. By Theorem 2.1,

this is done in Θ(logn) time on the PRAM.

(2) Compute k0 according to the first of equations (5), using a semigroup operation. This

takes Θ(n) sequential time, or Θ(logn) time on the PRAM.

(3) Compute {ki}n−1
i=1 according to the second of equations (5), using a parallel prefix oper-

ation. This is done in Θ(n) sequential time and in Θ(logn) time on a PRAM.

(4) Compute b0 according to the first of equations (6), using a semigroup operation. This

takes Θ(n) sequential time, or Θ(logn) time on the PRAM.

(5) Compute {bi}n−1
i=1 according to the second of equations (6), using a parallel prefix oper-

ation. This is done in Θ(n) sequential time and in Θ(logn) time on a PRAM.

(6) For 0≤ i≤ n−1, do

Let f (x) be as in equation (4).

If ki ≥ 0 then

min{ f (x) |x ∈ [xi,xi+1]}= fi(xi) = kixi +bi,

so let x′i = xi and mi = fi(xi); otherwise,

min{ f (x) |x ∈ [xi,xi+1]}= fi(xi+1) = kixi+1 +bi,
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so let x′i = xi+1 and mi = fi(xi+1).

End For. This step executes in Θ(n) sequential time and in Θ(1) time on the PRAM.

(7) Use a semigroup computation to obtain a value x∗ ∈ {x′i}
n−1
i=0 ⊂ S such that

f (x∗) = min{mi}n
i=0 = min{ f (x) |x ∈ R}.

This requires Θ(n) sequential time or Θ(logn) time on the PRAM.

Clearly, the algorithm runs in Θ(n logn) sequential time and in Θ(logn) time on the PRAM. �

Corollary 3.4 The WRMSDP in Rd can be solved in Θ(dn logn) sequential time, or in Θ(d logn)

time on a PRAM.

Proof: As noted in [10] and discussed above, a solution can be found by applying the solution

in R to each coordinate. Thus, we have the following algorithm.

For j = 1 to d, do

Apply the algorithm of Theorem 3.3 to the set S j = {pi, j}n−1
i=0 of the jth coordi-

nates of the members of S to obtain x∗j such that

n−1

∑
i=0

wi|pi, j− x∗j |= min{
n−1

∑
i=0

wi|pi, j− x| | x ∈ R}.

End For

The desired point is x∗ = (x∗1,x
∗
2, . . . ,x

∗
d). The assertion follows immediately from Theo-

rem 3.3. �

4 Solution of (k,m) WRMSDP

In this section, we give a solution for the (k,m) WRMSDP in R.

Lemma 4.1 Any c∗ ∈ R that is a member of a solution C∗ to a given instance of the (k,m)

WRMSDP must satisfy

c∗ ∈ [min{pi ∈ S},max{pi ∈ S}].

Proof: If c∗ < min{pi ∈ S}, then for all j,

w j|p j− c∗|> w j|p j−min{pi ∈ S}|.
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FIGURE 1. Clients xi and service centers c j. Locating a new service center

in (−∞,c0] could change the service center nearest to x0, but not to any xi >

c0. Locating a new service center c∗ in [c0,c1] could change the service center

nearest to x1, but not to any xi outside [c0,c1]. Locating a new service center c∗

in the interval [c1,c2] will not change the nearest center to any xi. Locating a

new service center in [c2,∞) could change the nearest service center to x2 or to

x3, but not to any xi < c2.

Thus, we would get a smaller value of the expression (2) by substituting min{pi ∈ S} for c∗, so

c∗ cannot be a solution to the (k,m) WRMSDP. Similarly, if c∗ > max{pi ∈ S} then c∗ cannot

be a solution to the (k,m) WRMSDP. The assertion follows. �

Lemma 4.2 Suppose C is sorted in ascending order. Let c∗ ∈ [c j,c j+1], pi 6∈ [c j,c j+1]. Then

min{l1
1(pi,y) |y ∈C} < l1

1(pi,c∗).

Proof: This follows from the observations that if pi < c j ≤ c∗≤ c j+1 then |pi−c j| ≤ |pi−c∗|,

and if c j ≤ c∗ ≤ c j+1 < pi then |pi− c j+1| ≤ |pi− c∗|. �

See Figure 1 to help understand Lemma 4.2. Lemma 4.2 tells us that any positive contri-

bution to the expression (3) for the reduction in the weighted total distance brought about by

introducing the new service center c∗ must be in terms with indices i such that pi ∈ [c j,c j+1] for

some j, where c−1 =−∞, ck = ∞, and c∗ ∈ [c j,c j+1].

Lemma 4.3 For any nonnegative integer k, given an instance of the (k,1) WRMSDP in R, there

is a solution c∗ ∈ S.

Proof: Assume the set C is sorted into ascending order. It follows from Lemma 4.2 that a

solution c∗ must satisfy c∗ ∈ [ci,ci+1] for some index i such that S∩ [ci,ci+1] 6= /0. Therefore,

we can take c∗ to be a solution to the WRMSDP for the client set S∩ [ci,ci+1]. The assertion

follows from Theorem 3.2. �
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Theorem 4.4 Given an instance of the (k,m) WRMSDP in R, there is a solution set C∗ such that

C∗ ⊂ P.

Proof: We argue by induction on the value of m. For m = 1, Lemma 4.3 yields the conclusion

that we may take C∗ ⊂ P.

Assume we may take C∗ ⊂ P for any instance of the (k,m) WRMSDP in R, for all integers

k > 0, provided m≤ u for some integer u≥ 1. Given an instance of the (k,u+1) WRMSDP, by

Lemma 4.3 there exists a solution set C∗ = {c∗, j}u
j=0 such that one of its members, say, c∗,0, is

a member of P. Then, in order to have a min-sum of the weighted distances, we must have

C∗ \{c∗,0} = Cv,l ∪Cv,r

for some v ∈ {0,1, . . . ,u}, where

Cv,l =C∗∩ (−∞,c∗,0), |Cv,l|= v, Cv,r =C∗∩ (c∗,0,∞), |Cv,r|= u− v.

Then Cv,l is a solution set for the instance of the (k,v) WRMSDP in R with client set {pi ∈

P | pi < c∗,0} and existing service center set C, and Cv,r is a solution set for the instance of

the (k,u− v) WRMSDP in R with client set {pi ∈ P | pi > c∗,0} and existing service center set

C. By the inductive hypothesis, we may assume Cv,l ⊂ P and Cv,r ⊂ P. Therefore, C∗ ⊂ P, as

desired. �

Notice in the above that we made no assumption about whether or not a member of C is a

member of P.

Deriving analogs of Lemma 4.3 and Theorem 4.4 for higher dimensions must be done with

care. For d > 1, easily constructed examples show that it need not be true that a new service

center c∗ = (c∗,1,c∗,2, . . . ,c∗,d) in a solution to the (k,m) WRMSDP may be taken from the

members of P. Rather, what may be correctly derived is the much weaker conclusion that for

each j ∈ {1,2, . . . ,d}, there exists pi ∈ S such that c∗, j = pi, j.

In the following, the notation C(n,m) represents the number of combinations of n objects

taken m at a time. Recall

C(n,m) =
n!

m!(n−m)!
.

The running time of the algorithm in Theorem 4.5 may initially strike the reader as inefficient.

It may be, however, that every subset T of m distinct members of P must be considered as a
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candidate for C∗, in which case the factor C(n,m) may be necessary in analysis of an efficient

solution for the (k,m) WRMSDP.

Theorem 4.5 Assume 0 ≤ k, 0 < m, and 1 < k +m < n. Then the (k,m) WRMSDP can be

solved in R as follows.

• In Θ(nC(n,m)) sequential time.

• In Θ(C(n,m)) time using a CREW PRAM of n processors.

Proof: Consider the following algorithm.

(1) Sort each of S and C into ascending order. This step is performed in Θ(n logn) sequential

time or in Θ(logn) time on the PRAM.

(2) By Theorem 4.4, there is a solution set C∗ ⊂ P. Such a set C∗ is computed as follows.

For each of the C(n,m) subsets T of P such that |T |= m, do the following.

• Compute the ordered set U = P∪C ∪ T by merge operations. This takes Θ(n)

sequential time and can be performed in O(logn) time by the CREW PRAM, by

using parallel binary searches for members of C∪T in P.

• For each pi ∈ T , compute a nearest qi ∈ C∪ T . This is done by performing two

interval broadcasting operations in U , one so that each member of U learns its

nearest preceding member of C ∪ T and the other so each member of U learns

the nearest trailing member of C∪T . Since interval broadcasts can be performed

via parallel prefix operations [7], this step executes in Θ(n) sequential time or in

Θ(logn) time on the CREW PRAM.

• Compute

ST =
n−1

∑
i=0

wi min{l1(pi,y) |y ∈C∪T} =
n−1

∑
i=0

wi|pi−qi|.

This is done using a semigroup operation in Θ(n) sequential time or in Θ(logn)

time on the PRAM.

End For. Clearly, the sequential running time of this For loop is Θ(nC(n,m)) and the

time for the CREW PRAM is Θ(C(n,m)).

(3) It follows from expression (2) that a solution C∗ can be taken as a set T∗ such that

ST∗ = min{ST |T ⊂ P and |T |= m}.
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This minimum can be computed by a semigroup operation in Θ(C(n,m)) sequential

time or in Θ(C(n,m)/n) time using the PRAM.

It follows that our solution is obtained in the running times asserted. �

As noted above, a solution for the (k,m) WRMSDP in Rd can be obtained after solving in R

for each component. However, applying our solution for R in each coordinate yields C(n,m)

candidates per coordinate, hence [C(n,m)]d points to consider as possible members of a solution

set. This would yield C([C(n,m)]d,m) candidates for solution sets, each of which would require

Θ(dm) time to evaluate in computing the minimum. Thus, the sequential running time for such

an algorithm appears unimpressive, Θ(dmC([C(n,m)]d,m)).

5 Further remarks

We have given an algorithm for the Weighted Rectilinear Min-Sum Distance Problem in Rd .

The algorithm is implemented on sequential computers and on a PRAM of n processors, where

n is the number of client locations, and corrects the error of [10] in which it was wrongly

assumed that the input is sorted in all dimensions. On both of these models of computation, the

cost (product of running time and number of processors used) is Θ(dn logn). Since the amount

of input is Θ(dn), the algorithm is within a factor of logn of optimality.

We have generalized the WRMSDP and presented a solution for the (k,m) Weighted Recti-

linear Min-Sum Distance Problem in R. The running times on both sequential computers and

CREW PRAMs of n processors for our algorithm both include the large factor C(n,m), corre-

sponding in R to consideration of all subsets T of P such that |T | = m. It seems likely that in

order to obtain a solution with asymptotically better running times, it would be necessary to

show that the collection of subsets T of P that must be considered is much smaller, and that this

collection can be determined efficiently.
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