Available online at http://scik.org
J. Math. Comput. Sci. 5 (2015), No. 2, 172-187
ISSN: 1927-5307

A MATHEMATICAL MODEL ON THE CONTROL OF CHOLERA: HYGIENE

CONSCIOUSNESS AS A STRATEGY
M. JEFFREY OCHOCHE ", E. CHINWENDU MADUBUEZE AND T. BENJAMIN AKAABO

Department of Mathematics/Statistics/Computer science, University of Agriculture, Makurdi, Nigeria

Copyright © 2015 Ochoche, Madubueze and Akaabo. This is an open access article distributed under the Creative Commons Attribution License,

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. We presented a mathematical model of cholera incorporating hygiene consciousness as a control strategy.
We derived the Basic Reproduction number using the next generation approach. We showed that the disease free
equilibrium state of the model is locally asymptotically stable if the basic reproduction number is less than unity.
Numerical simulations showed that hygiene consciousness could be an effective means of controlling cholera as
incrementing the hygiene consciousness parameter translate into a reduction in the disease prevalence.
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1 INTRODUCTION

Events such as human or animal invasions of new ecosystem, global warming, environmental
degradation, increased international travel, and changes in economic and social patterns will
continue to provide opportunities for new and infectious disease. In particular global warming
has resulted to a rise in sea level, the ultimate effect of climate change would be more floods and
more water borne diseases like cholera as people become more incline to use unsafe surface
water [1].

Cholera is an acute intestinal infection caused by ingestion of food and water contaminated with
the bacterium vibrio cholera. It has a short incubation period, from less than one day to five days,
and produces an enterotoxin that causes copious, painless, watery diarrhoea that can quickly lead
to severe dehydration and death if treatment is not promptly given. Symptoms of severe cholera

infection include: Profuse watery diarrhoea, Vomiting and rapid heart rate, also persons with
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severe cholera can develop acute renal failure, severe electrolyte imbalance and coma. If
untreated, severe dehydration can rapidly lead to shock and death [2]. Cholera has been found to
vary with climate fluctuations over long time periods. Temperatures and rainfall anomalies can
generate cases of diarrhoea and cholera since floods caused by heavy monsoons can contaminate
drinking water with the bacterium.

Profuse diarrhoea produced by cholera patients contains large amount of infections vibrio
cholera bacteria that can infect others if ingested, and when these bacteria contaminate water or
food it leads to additional case. Infected persons when treated rapidly can recover quickly and
there are typically no long term consequences. Cholera can be transmitted from environment — to
— human through ingestion of contaminated water and human — to — human through contact with
hygienically unconscious individuals who are infected or have had contact with excretes of an
infected person.

Cholera outbreak in a region is noted to have caused unjustified panic by other countries which
include curtailing or restricting travel from countries where a cholera outbreak is occurring, or
import restrictions on certain foods. For example the cholera outbreak in Peru 1991 cost the
country US$770 million due to food trade embargoes and adverse effects on tourism. Cholera
has the potential to spread widely and can cause many deaths; thus a well-coordinated timely and
effective response to outbreaks is paramount. A single case of cholera in a person with no history
of overseas travel is considered an outbreak and measures should be taken to initiate a thorough
investigation in determining the vehicle and circumstance of transmission and plan control
strategies accordingly.

Codeq’s work on cholera [3] was the first to explicitly capture the aquatic habitat of the
bacterium v.cholerea . He explored the role of aquatic reservoir on the persistence of endemic
cholera as well as defined minimum condition for the development of epidemic and endemic
cholera. His work has been a platform for most authors.

Manju and vinay [4], proposed and analysed a mathematical model which focused on natural
birth and immigration for the spread of cholera with carriers in the environment. They stated that
all susceptible are affected by carrier population density. The carrier population density is
assumed to follow the logistic model growth due to conducive human population density related
factors. They showed that the spread of disease increase due to the presence of carrier in the

environment, their interaction with susceptible directly as well as indirectly through transport



174 OCHOCHE, MADUBUEZE AND AKAABO

mechanisms used by carriers.They found that cholera become more endemic due to immigration.
They concluded that the spread of cholera disease could increase if the growth of carrier
population caused by conducive household discharges increased, and increase in recovered
individual would decrease infective human population. Hence, the endemic equilibrium would
be locally and asymptotically stable.

Hethcote et al. [5], developed some SIS and SIR endemic models with a new class Q of
quarantine individuals who have been removed from the infective population either voluntarily
or coercively. The models aimed at preventing the infective from mixing with the susceptible in
order to infect them. They stated that in an outbreak of like cholera, susceptible become infected,
these infected individuals should be transferred to the quarantine class Q and remain there until
they are recovered, at which time, they return to the susceptible class. They claimed that disease
outbreak will continue to be endemic in the affected areas if quarantine practice is not considered.
Thus, duration of staying in the Q class and treatment offered to them were not indicated. Hence,
the endemic equilibrium will be asymptotically stable with the use of a quarantine class.

Proper excreta disposal is referred to as a good sanitation practice. It is a cost-effective way of
controlling cholera dynamics.. According to WHO, Pit latrine is an acceptable form of excreta
disposal in rural Africa. World Bank Technology Advisory Group said efficacy of other
alternative facilities depended on how it has been put to use. In Global Water Supply and
Sanitation Assessment 2002 Report, only sewage, septic tanks with soak-aways, pure-flush
latrines and pit latrines are accepted as improved technological way of excreta Disposal. Good
sanitation with the use of latrines can greatly reduce cholera as noted by [6], who attributed a
median reduction in incidence of 36 per cent to sanitation. Thus, latrine owners must be
hygienically conscious.

Curtis and Cairncross [7], carried out a study on promoting hygiene practices by washing one’s
hands with soap to reduce the effects of cholera. In their research they stated that hand washing
with soap and intervention to promote it could reduce diarrheal morbidity. In [8] it was
suggested that the integration of water supply, sanitation and hygiene promotion can provide
more effective result on the reduction of cholera; in addition, it is highly cost-effectiv

Many cholera models have been formulated and studied; see [9 - 14]. To the authors’ knowledge,
none has considered the effects of hygiene as a main intervention strategy. In this paper we

developed a mathematical model incorporating hygiene consciousness as a control strategy.
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2.0 THE CHOLERA MODEL

2.1 Model Formulation

One difficulty in studying cholera dynamics is the coupling between its multiple transmission
pathways which involve both direct human to human and indirect human to human mode and
which lead to combined human environment epidemiological model [15]. We formulated our
model thus; the total human population N is divided into four mutually exclusive compartments
namely; S(t) corresponding to susceptible individuals, I(t), is the number of infected
individuals, C(t) standing for hygiene conscious individuals and R(t) denoting the number of
recovered individuals.

The pathogen is capture in compartment B, where B represents concentration of vibrios in water.

Below is tabular description of the state variables.

Table 1: State variables of the cholera model

Symbol Description
S susceptible individuals
1(t) infectious persons
C(t) Hyagiene conscious individuals
R (t) Recovered individuals

In this model, L denotes the per capital natural human death rate, f1 and B. are the rate of
ingesting vibrios from contaminated water and through human to human interaction respectively.
7 is the recruitment rate of susceptible individuals through births and immigration [9]. Further, m
is the death rate caused as a result of the diseases, § is the decay rate of vibrios. Susceptible are
assumed to experience a natural recovery rate at parameter r, & represents the contribution of
each infected person to the aquatic environment. Improved hygiene practices will lead to
recovery rate p of hygiene conscious individuals. Finally, a stands for the rate at which infected
individual become hygienically conscious, thus the incidence consist of two parts, one is due to

environment to human transmission, the other represent human to human transmission. The
environment to human transmission is modelled by non-linear function ﬁlm with K being the

pathogen concentration that yields 50% chances of catching cholera [9]. This incidence
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represents a logistic response to the increase in B. The human transmission is modelled linearly

as fol.
Table 2: Parameters of the cholera model
Symbol Description
T Recruitment rate of human population
u Per capital natural human death rate
B Rate of ingesting vibrios from contaminated water
B> Contact rate with vibrios through human to human interaction
m Death rate as result of cholera disease.
a Rate at which individuals become Hygiene Conscious
) Decay rate of vibrios
r Natural recovery rate
& Contribution of each infected person to the aquatic environment
o Recovery rate of hygiene conscious individuals
k Pathogen concentration in water

The model transfer diagram is as shown below:
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Figure 1: The model transfer diagram
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Assume that the infection confers permanent immunity, so that individuals can move from S
class to | class and then either directly to the R class or to C class and then to the R class as
presented in fig. 3.1 above. The model equation is as shown below using a set of ordinary
differential equations.

dS— S B 1 ) B,SI S
dt_n B K+B o) B2 B
dI B
=S K+B +(1— a)BSI—-(r+m+p+ o)l
Z—tzal—(p+ wC (2.1)
dR— C+rl R
g _PETTTH
dB—(l )éI — 6B
dt @)%

2.1.1 Invariant Region
Since the model deals with people, it is assumed that both the state variables and parameters are
positive, also, N (t) >0 forallt >0
Let N which is the total number of individuals under considerationbe N; = S + I + C.
Differentiating N1 we have;

any _ds  dldc

dt dt dt dt

Expanding the equation, we have;
dN,

i uS- (r+m+wi- (p+wCor

G = TN = m)l = pC (2.2)
It is clearly seen that in the absence of cholera disease, there is no recovery and death rate caused

by the disease. Thatisr = 0,m = 0 and p = 0, hence 3.2 becomes;
= % <m-— uhN; (2.3)

Applying Birkhoff and Rota’s theorem on a differential inequality, we have;

< dt (2.4)

Integrating the above equation on both sides and applying the initial value conditions we have.

T —uN; = (mt— pN;(0))e #n (2.5)
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Or
—uN; = (m—pN,(0))e ™ —n

Ny < - () e 42

. T m—uN4(0) —ut
Thatis N; < . (—# )e
Ast — oo we have;

N, < p N; - p

Since the solution is bounded, it enters the region.
s

0= {(5,1,0) eR? N, s;}

Using the last equation of (3.1)

& =(1-a){l— 6B. LetN=Ng, Wehave
dNp

L = (1- )¢l = 8N,

But I <g Hence

dNp T
e < ;(1—0()5— 6Ny

Integrating (2.8) on both sides;

s — Me—8®
Np(t) < —= [1 - Me™%1)]

Where M = constant, as t - oo, Nz will be

én &
Ne < id-o ~ T

Now the solution enters the region
&
(1 —a)
The general set for the model equation will enter the region

Qs =B € R, Nz <

T
Q! = {(5,1,6,) € R};B € Ry; S,I,C,B >0; le;; Ng

< 2
u(l-a)

(2.6)

(2.7)

(2.8)

(2.9)

This shows a positive invariant set of the model, it also indicates the biological explanation of

the model system in the domain being considered above.



A MATHEMATICAL MODEL ON THE CONTROL OF CHOLERA 179

2.1.2 Positivity of solutions

Lemma 1 Let the initial data be S(0) > 0, 1(0) > 0, C(0) > 0 and B(0) > 0 belong to the domain
Q, then the solution set { S(t), I(t), C(t), B(t) } of the model is positive for all t > 0.

Proof

Considering the first equation of the model system (2.1) we obtain

ds

PNy

das
== —us (3.10)

ds
S
From the second equation;

dl ¢ B
dt_ﬁl K+ B

— (1—a) BSI—uS

> —fudt = S(t) > S(0)e ™™ >0

(11— a)B,SI—(r+m+p+ a)l

dal

== —(r+m+pl (2.11)
Integrating both sides;

dl
,[T > —](r +m 4+ pdt = I(t) = 1(0)e"T+m+wt > g
Using the third equation

9l = (p+ w)C
ac @R

dc
—=—(p+ WC (2.12)

Integrating both sides;

dc
- > —j(p + wdt = C(t) = C(0)e~ Pt >

From the fifth equation;

dB—(l )él — 6B
at @3 '
d_B
dt

Integrating both sides gives;

a8 _ _ -58(t)
5 2 8dt = B(t) = B(0)e >0

> —6B (2.13)

Therefore, the solution set for all the four equations is positive in Q for all t > 0.
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2.2 Model Analysis

Here we shall investigate the existence and stability of equilibria of model (2.1)

2.2.1 Existence and stability of Equilibrium points

Let E(S*,I*,C*, B*) be the equilibrium points of the model. Solving the right-hand side of the
model system (3.1) by equating it to zero, we get the following relevant equilibria.

ds _dl _ dc _ d

B
dt  dt  dt E_O (2.14)

Consequently, equation (3.14) results to the following equations;

O=m—pf;S (1— o) B,SI— pS

T
0=pS ——+(1— )f;SI— (r+m+p+ o)l (2.15)
O=al—(p+ WC
0=0-a)I—-6

2.2.2 The Disease-free Equilibrium Points Eo
Disease free equilibrium points (DFE) in this context is a situation where there is no cholera
outbreak. Hence the following variables will be I* =0, C* =0, B* = 0.

At this point, only equation one remains with the reduced form.

0=m—uS
> —m = —uS
T
=55 =—
U

Therefore, Eo = (§*, 0, 0, 0).
s
OrE, = (;,0, 0,0).

2.2.3 The Basic Reproduction Number, Ro

The basic reproduction number denoted by R,, defined as the average number of secondary
infections caused by an infectious individual during his or her entire period of infectiousness, we
shall calculate R, using the next generation operator approach as described by Van den
Driessche and Watmough [16]. The infected population is captured in the following system of

equations.
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%: 518L+(1—a),8251—(r+m+u+a)

K+B

dac

- = al— (p+wc (2.16)
dB

2 =(1-a)il- 6B

From (2.16) we define Fjand V; as
(3.5 —=—+ (1 —6)B,SI

Fi= R (2.17)
0
And
(r+m+p+a)l
Vi= | (p+u)C —al (2.18)

| 6B — (1 —a)él
We obtain the partial derivative of (3.17) with respect to I, C, B, and evaluating at disease-free

point we have;

'(1_0()@ o Br

Fo N (2.19)
0 0 0

Similarly the Jacobian matrix of V is found by partial differentiation of (3.18) to give;

[(r+m+u+a) 0 0
V= —a (p+p) O (2.20)
—(1—-a)é¢ 0 )

Note: the determinantof Vis (r + m+ u+ a)(p + )6

We now find the inverse of V, that is;

| 7= 0
(r+m+u+a
vi= - 0 221
=m0 e (2.21)
(1—(1)5 0 l
(r+m+u+a)d 1)

We further compute FV1, which gives;

(1-a)B,m (A-a)§(B1m) 0 Baim1
ur+m+u+a) ku(r+m+u+a)d uk 6
0 0 0
0 0 0

Fy—1 = (2.22)
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R, is the spectral radius of FV 1

A-0)fr  (1-a)ipim (2.23)

Hence; Ro= u(r+m+p+a)  pk(r+m+u+a)d

3. LOCAL STABILITY OF THE DISEASE-FREE EQUILIBRIUM

To achieve the local stability of the disease-free equilibrium, we will linearize the model system
(2.1), and compute its Jacobian matrix. This Jacobian matrix can be determined by partially
differentiating each of the equations of (2.1) with respect to the state variables S, I, C, B. System
(2.1) can be redefined using x;, x, x3, x, to represent the state variables.

Then we have;

X1 =7T—B1SK+B—(1—Q),3251_MS

Xy = BlSK%+ A-a)BSI—-(r+m+u+a)l (3.1)
x3=al—(p+pC
xs = (1 —a)él — 6B

The Jacobian matrix (D) for x;, x, x3, x4 isas shown below.

B1B(K+B) (KBS
~ ke Al —p —(1=a)p,S 0 (—(K+B)2)—|
ﬁ B(K+B) KpB
= "arm T (L~ OBl A—a)BS—(r+m+pu+a) 0 (K+;)2
0 a —(p+uw 0
0 (1 - a)é 0 -5
3.2)

At the disease-free equilibrium point E, (3.25) will become;

e Ca-ap oo
Io —(r+m+u+a)+(1—“)ﬁzg 0 %I (3:3)
[() a —(p+ 1) OJ

0 (1—-a)¢ 0 -6

The Disease-free equilibrium point E, is locally asymptotically stable if all the real parts of
eigenvalues of the Jacobian matrix (3.26) are all negative. Otherwise it is unstable.
Clearly, —uand — (p + w) are eigenvalues the remaining two eigenvalues will be found from a

2>2 matrix reduced from (3.26) as shown below;
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D, = —(r+m+u+a)+(1—a)ﬁ2§ %
(1-a)é =)
The stability of D is completely determined by Routh-Hurwitz criteria
1) Trace of D; <0
2 Det D; >0

Applying these criteria, we have;
TraceD1:(1—a),82%—(r+m+u+a)—6< 0
DetD1:(r+m+,u+a)6—(1—a),82§6—%(1—a)€ >0
This is simplified to

(1 —a)B,m pim(1—a)é
1_(u(r+m+u+a) ,uk(r+m+u+a)5)>0

which leads to
1-Ry,>0 = R,<1

183

At this point it is clearly seen that all the eigenvalues are negative. Hence, Eo is locally

asymptotically stable.

Theorem 1: the disease-free equilibrium of the model (3.1) is locally asymptotically stable if Ro

is < 1 and unstable if Rp > 0.

4. NUMERICAL SIMULATION

Using the parameter values in table 3, we simulated the model equations to investigate the effect

of hygiene consciousness in the transmission dynamics of the diseases. Results of the simulation

(which was done in MATLAB) are presented in the figures below.
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Table 3: Parameter values

Parameter Nominal value
T 200
1 0.02
B 0.5
B> 0.03
m 0.04
a 0.3
) 0.228
r 0.2
4 10
p 0.38
k 1000000
Alpha = 0.3
10000 T T T 5 C T L
—&— Susceptibles
90004 —#%— Infectives i

Total population

—#&— Hygiene Conscious

Figure 2: Simulation of model equations when a = 0.3
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Alpha = 0.5
10000 T T T T T T T T T
X —&— Susceptibles
9000 & —#— Infectives |
—#— Hygiene Conscious

Total population

10 12 14
Time

Figure 3: Simulation of model equations when a = 0.5

Alpha = 0.8
1000.[. T T T T T T T T T
3 —&— Susceptibles
9000 —#&— |nfectives 7
—&— Hygiene Conscious

Total population

Figure 4: Simulation of model equations when a = 0.8
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Alpha = 0.9
10000 T T T T T T T T T
\ —&— Susceptibles
9000 - —&— Infectives 7
—&— Hygiene Conscious

Total population

Figure 5: Simulation of model equations when @ = 0.9

5.0 CONCLUSION

In this paper, we proposed a mathematical model of cholera using hygiene consciousness as a
control strategy. The model was found to be positively invariant. We derived the basic
reproduction and proved that the disease free equilibrium is locally asymptotically stable.
Numerical simulations (figures 2 — 5) show that increasing hygiene consciousness reduces the
prevalence of the disease. We reiterated that cholera can be controlled in a hygiene conscious

community.
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